Abstract. Let G be a bipartite graph with a bicoloration {A, B}, |A| = |B|, and let w : E(G) → K where K is a finite abelian group with k elements. For a subset S ⊆ E(G) let w(S) = e∈S w(e). A perfect matching
Introduction
Let G be a bipartite graph with a bicoloration {A, B}, |A| = |B|. Let E(G) ⊆ A × B denote the edge set of G, and let m(G) denote the number of perfect matchings of G.
Let K be a (multiplicative) finite abelian group |K| = k, and let w : E(G) → K be a weight assignment on the edges of G. For S ⊆ E(G) let w(S) = e∈S w(e).
A perfect matching M of G is a w-matching if w(M) = 1. We shall be interested in m(G, w), the number of w-matchings of G.
M. Hall (see exercise 7.15 in [9] ) showed that if m(G) ≥ 1 and if deg(a) ≥ d for all a ∈ A, then m(G) ≥ d! .
Hall's result is the case k = 1 of the following Theorem. The case k = 2 was proved in [1] . Theorem 1.1 is tight when K = C k , the cyclic group of order k. More generally, for a finite abelian group K, let s = s(K) denote the maximal s for which there exists a sequence x 1 , . . . , x s ∈ K such that i∈I x i = 1 for all ∅ = I ⊆ [s] = {1, . . . , s}. The problem of determining s(K) was suggested by Davenport (see [11] ) and addressed by a number of authors [3, 5, 10, 11] .
Theorem 1.1 Let w : E(G)
This construction suggests the following conjecture (which contains Theorem 1.1 since it's easy to see that s(K) ≤ k − 1).
In Section 2 we utilize the complex group algebra of K to prove Theorem 1.1. In Section 3 we discuss a possible approach to Conjecture 1.2 when K is a p-group (the nice point here is the reduction to Conjecture 3.2 via Claim 3.3), and observe a connection with a conjecture of Griggs and Walker [8] .
Proof of Theorem 1.1
The main ingredient of the proof of Theorem 1.1 is the following result on group-weighted digraphs.
Theorem 2.1 Let D = (V, E) be a simple digraph and let
ϕ(e) = 1.
Proof:
It is, of course, enough to prove the Theorem when deg
(For group algebras see e.g., [12] .) For a matrix
Assume now that V = [n] and associate with D the matrix
and q i j = 0 otherwise.
Claim 2.2 There exists a matrix C
Now define c ii = 1 and c i j = 0 if i = j and (i, j) ∈ E, and let
Since the identity permutation id belongs to S(Q, 1) and
q iσ (i) = 1. P Theorem 1.1 now follows from Theorem 2.1 as in [1] : Let G be a bipartite graph on {A, B}, |A| = |B| = n and w : E(G) → K. For a ∈ A let U G (a, w) denote the set of all edges incident with a which participate in w-matchings of G, and |U G (a, w)| = u G (a, w).
The following result clearly implies Theorem 1.1 by induction on d. b 1 ) , . . . , (a n , b n )} be a w-matching of G. With no loss of generality we may assume that w(a i , b i ) = 1 for all i. (Otherwise for each i and e a i , multiply w(e) by w
Theorem 2.2 If G has a w-matching then there exists an a ∈
Suppose for a contradiction that the assertion of the theorem is false, so that deg
is a w-matching. So, since (a i , b σ (i) ) ∈ U G (a i , w) for any i ∈ V 0 , we have the desired contradiction. P
An approach to the p-group case
Let K = C p e 1 × · · · × C p et be an abelian p-group, and let
It was shown by Olson [11] , and independently Kruyswijk (see [2] ), that
( p e i − 1) + 1, and that this implies
denote the set of n × n matrices with entries in S. For l ≤ n −1 let U K (n, l) denote the set of matrices Q = (q i j ) ∈ M n (K ∪ {0}) such that for each i ∈ [n], q ii = 1 and Q(i) := { j = i : q i j = 0} has cardinality l.
By the proof of Theorem 1.1, Conjecture 1.2 for the p-group K will follow from the following analogue of Claim 2.2.
Conjecture 3.1 For any Q
We next formulate another, perhaps more natural, conjecture which implies Conjecture 3.1.
Let A = (A 1 , . . . , A n ) be an ordered family of subsets of [n] such that i ∈ A i for all 1 ≤ i ≤ n. Let W p (A) denote the affine space of all matrices C = (c i j ) ∈ M n (Z p ) such that c ii = 1, and c i j = 0 whenever i = j and j ∈ A i .
Conjecture 3.2 If
To show that Conjecture 3.2 implies Conjecture 3.1 we need
Proof: Let B ∈ M n (Z p ) be a non-singular matrix such that the first s(K) + 1 rows of BC are zero. Then with Of course, we cannot expect (and do not need) property G p in general; still, sufficient conditions for the property are of interest. A conjecture of Griggs and Walker [8] says that for any n and A ⊂ Z n , the hypergraph {A + i : i ∈ Z n } has property G 2 . (This was motivated by, and would imply, a conjecture proposed in [4, 6] .) For |A| = 3, the GriggsWalker Conjecture was proved by Füredi et al. [7] , who actually showed property G 2 for an arbitrary 3-uniform, 3-regular F .
For general l, such a generalization does not hold, but we believe the following, less extreme relaxation may be correct. This contains (via the Cauchy-Davenport Theorem) the Griggs-Walker conjecture when n is prime, and would presumably shed some light on the general case as well.
